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We propose how to realize the topological modes protected by chiral and rotation symmetry for a mechanical system.
Specifically, we show the emergence of topological modes protected by chiral and two-fold rotational symmetry by a
spring-mass system with a Lieb lattice structure and dents on the floor. Moreover, comparing the results of a tight-binding
model, we have found the additional topological modes for our spring-mass model due to the extra degrees of freedoms.
Our approach to realize the topological modes can be applied to other cases with rotation symmetry, e.g., a system of a
honeycomb lattice with three-fold rotational symmetry.
Introduction: In this decade, topological phases have
been extensively analyzed as new quantum states which host
boundary modes protected by topological properties in the
bulk.1–19) Remarkably, it turned out that these topological
phenomena can be observed even beyond the quantum sys-
tems20–34) (e.g., photonic crystals,24, 30, 31) mechanical sys-
tems20–23, 25, 26, 29, 32, 34) etc.). These topological phenomena be-
yond the quantum systems originate from the fact that these
classical systems are described by an eigenvalue equation.
One of the advantages of these classical systems is high con-
trollability of their parameters. So far thanks to their high
controllability, a variety of topological phases has been pro-
posed for spring-mass systems (SMMs) which are periodic
arrangements of the mass points and springs.21, 22, 26, 29, 32, 34)
For instance, Chern insulators21, 22) and higher-order topolog-
ical phases34) have been realized for SMMs.
Along with the above development, the notion of the topo-
logical protection has also been extended to gapless quan-
tum systems. A representative example is a Weyl semi-metal
showing the gapless modes in the bulk. These gapless modes
are protected by a finite value of the Chern number which is
the topological invariant for two-dimensional systems in class
A (no symmetry).35, 36) Similar topological gapless modes can
also be found for other local symmetry (e.g. time-reversal
symmetry, particle-hole symmetry, and chiral symmetry).37)
Furthermore, the analysis of topological gapless states are fur-
ther developed by taking into account the spatial symmetry.
In particular, the coexistence of chiral symmetry and spatial
symmetry gives topologically stable zero energy modes pro-
tected by these symmetry.17)
Unfortunately, to our knowledge, the above topological
modes protected by chiral and spatial symmetry has not been
experimentally observed so far. One of the reasons is that for
quantum systems such as metals and insulators, long range
hoppings break the chiral symmetry which is essential for the
above topological modes.
Under this background, in this paper, we theoretically pro-
pose how to realize the above topological modes by taking
advantage of the high controllability of the classical systems.
Specifically, we realize the topological modes for the SMM
with a Lieb lattice structure. We note that the simple prepara-
tion of the SMM does not preserve chiral symmetry; by tun-
ing the on-site potential arising from the dents on the floor,
we have an SMM preserving chiral symmetry. In addition, by
comparing the results of a tight-binding model (TBM), we
also find that the extra degrees of freedoms of the SMM in-
creases the number of topological modes, which is an unique
phenomenon of SMMs. Our approach for the realization can
be applied to a general two-dimensional tight-binding model
(TBM).
The topological modes protected by chiral and spa-
tial symmetry: Firstly, we briefly review the general argu-
ments of the topological modes protected by chiral and spa-
tial symmetry for quantum systems.17) It is well-known that
the Schro¨dinger equation is reduced to the eigenvalue prob-
lem. We set a matrix H for the eigenvalue equation. Addition-
ally, we consider a chiral operator Υ and a spatial operator R.
Chiral symmetry and spatial symmetry of H are written as
{H,Υ} = 0, (1a)
[H,R] = 0. (1b)
From (1a), chiral symmetry makes the pair of positive and
negative eigenvalues of H.
Let us assume that chirality of lattices is not changed by the
operators R,
[Υ,R] = 0. (2)
From (1b) and (2), one can see that the matrices H, Υ and R
are block-diagonalized by the eigenvectors of R,
H =

HR1
HR2
. . .
 , (3a)
Υ =

ΥR1
ΥR2
. . .
 , (3b)
R =

R1
R2
. . .
 , (3c)
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Ri = ri1ˆni for i = 1, 2, · · · , (3d)
where Ri, ri (ri , r j for i , j ), and ni denote an eigenspace of
R, an eigenvalue, and the number of degeneracy of ri, respec-
tively. Here, the indices of H and Υ denote the eigenspace of
R. Additionally, 1ˆn is the n × n identity matrix. We note that
chiral symmetry and spatial symmetry are preserved at each
eigenspaces, {HRi ,ΥRi } = 0 and [HRi ,Ri] = 0.
The topological index is defined as
νRi = TrΥRi , (4)
for each eigenspace.17, 38) This index denotes the difference
between the number of u+Ri and u
−
Ri
where Hu±Ri = 0 and
ΥRiu
±
Ri
= ±u±Ri . Therefore, this index guarantees the |νRi | topo-
logical modes protected by chiral symmetry in the eigenspace
Ri at least. For the total system, the topological index is writ-
ten as
ν =
∑
Ri
|νRi |. (5)
This index guarantees that at least there exist ν the topological
modes protected by the operators R and Υ in the total system.
In the rest of this paper, by the topological modes, we denote
topological modes protected by chiral symmetry and rotation
symmetry.
TBM with a Lieb lattice structure: Based on the above
generic argument, we analyze the nearest-neighbor TBM with
a Lieb lattice structure under the periodic boundary condition
[see Fig. 1 (a)]. Our analysis for the TBM elucidates that the
three-fold degeneracy at M point is protected by chiral sym-
metry and two-fold rotational symmetry. For a later use, we
set unit vectors as ~a1 = (1, 0)T and ~a2 = (0, 1)T . High symme-
try points Γ, M, and X in the first Brillouin zone are located at
(kx, ky) = (0, 0), (pi, pi), and (pi, 0), respectively [see Fig. 1 (b)].
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Fig. 1. (a) A TBM of the Lieb lattice structure. X dentoes the center of
the two-fold rotation. (b) The first Brillouin zone of the TBM. (c) The band
structure for t = 1 along the line shown in the panel (b).
For the TBM, the problem is reduced to the eigenvalue
equation, h(~k)~ψ~k = ~ψ~k where h(~k), ~ψ~k, and  denote the bulk
hamiltonian, an eigenstate function, and an eigenenergy, re-
spectively. Here, p = 1, 2, 3 represents the sublattice. ψ~k;p de-
notes the element of the eigenstate function ψ~k.
Under the basis (ψ~k,1, ψ~k,2, ψ~k,3), the explicit form of the
bulk Hamiltonian is written by
h(~k) =
 0 −t − te
−ikx −t − te−iky
−t − teikx 0 0
−t − teiky 0 0
 , (6)
where t denotes the nearest-neighbor hopping parameter tak-
ing a real value. By solving the eigenvalue equation of h(~k),
we obtain the dispertion relation. Figure 1 (c) shows the band
structure for t = 1 in the first Brillouin zon . Here, he hor-
izontal axis denotes the high-symmetry lines in the Brillouin
zone connecting Γ, M, and X points [see Fig. 1 (b)].
Let us focus on chiral symmetry and two-fold rotational
symmetry of this system. We introduce a chiral operator ΥT
and a two-fold rotational operator RT around the point de-
noted by X in Fig. 1 (a),
ΥT = diag(1,−1,−1), (7a)
RT (~k) = diag(1, e−ikx , e−iky ). (7b)
Two-fold rotational symmetry is written as RT (~k)h(~k)R−1T (~k) =
h(−~k). From Eq. (6) and Eq. (7), one can confirm two equa-
tions {h(~k0),ΥT } = 0 and [h(~k0),RT (~k0)] = 0 with ~k0 denoting
momentum at high symmetry points Γ, M and X. This indi-
cates the preservation of chiral and two-fold rotational sym-
metry at the high symmetry points Γ, M and, X.
Here, we discuss topologically protected band touching at
high-symmetry points. From the Eq. (7a) and Eq. (7b), one
can see that the equation [ΥT ,RT (~k)] = 0 holds. This denotes
that chirality of the lattices is not changed by RT . Therefore,
ΥT can be block-diagonalized by eigenvectors of RT . Thus,
the number of the topological modes protected by two-fold
rotational symmetry at the high-symmetry points is
ν =

1 at Γ
3 at M
1 at X
. (8)
The above results can be obtained from ΥR1=1 and ΥR2=−1.
For example, at M point, we have ΥR1=1 = 1 and ΥR2=−1 =
diag(−1,−1), which result in νR1=1 = 1 and νR2=−1 = −2.
These modes can be observed as one flat band at Γ and X
points in the band structure and as one flat band and one Diarc
cone at M point. These topological modes are stable as long as
this system preserves chiral and two-fold rotational symmetry
since operators defined in Eq. (7) are not changed. Here, we
would like to stress that, to our konwledge, topological origin
at M point has not been discussed in terms of chiral symmetry
and spatial symmetry.
In the above, we have discussed topological modes pro-
tected by chiral symmetry and two-fold symmetry for the
TBM. We note however, that chiral symmetry for metals and
insulators is preserved only within an approximation where
the long range hoppings are discarded. This chiral symmetry
breaking with long-range hoppings indicates the difficulty in
realizing the topologically protected modes for metals and in-
sulators.
SMM with a Lieb lattice structure: In contrast to the
TBM, an SMM preserves chiral symmetry without any ap-
proximation since the coupling appears between the bases
connected by springs. Therefore, we realize the topological
modes for an SMM with a Lieb lattice structure [see Fig. 2
(a)] to overcome the difficulty in realizing the preservation of
chiral symmetry for the TBM.
Let us see the motion of the mass points in the SMM with
a Lieb lattice structure under the periodic boundary condi-
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Fig. 2. (a) The SMM of the Lieb lattice structure. X denotes the center of
the two-fold rotation. (b) The band structure along the line shown in the panel
Fig. 1 (b).
tion.22) For the simplicity, we set the mass of mass points as
unit, and unit vectors as ~a1 = (1, 0)T and ~a2 = (0, 1)T . High-
symmetry points in the first Brillouin zone are the same as the
points for the TBM. For a later use, we define a spring con-
stant as K, and the displacements of the mass points from the
equillibrium point as φµ
~k,p
. Here, p = 1, 2, 3 denotes a sublat-
tice and µ = x, y denotes directions in the two-dimensional
space. Additionally, we define the ratio of a natural length of
a spring to the length of the spring in equillibrium as η which
denotes the tension added to the springs and contributes the
interaction between longitudinal and transverse waves. We
note that η is the independent parameter in our mechanical
model since our system is in equilibrium for any K. In this
paper, we focus on the case of the tension for 0 ≤ η ≤ 1 i.e.,
the spring is extended by the tension.
With the basis ~φ =
(
φx
~k,1
, φ
y
~k,1
, φx
~k,2
, φ
y
~k,2
, φx
~k,3
, φ
y
~k,3
)T
, the
equation of motion describing the mass points under the peri-
odic boundary condition is written as
d2
dt2
~φ = −D(~k)~φ, (9)
where D(~k) is the positive semi-definite matrix called a
momentum-space dynamical matrix whose dimension is six
since there are three sublattices and two spatial coordinates.
This matrix can be divided into two terms, D(~k) = Ds(~k)+Dh.
Ds(~k) and Dh are positive semi-definite and positive definite
matrices, respectively. Ds(~k) denotes the contribution of the
springs. However, Ds(~k) has the non-uniform diagonal ele-
ments. Therefore, this system does not preserve chiral sym-
metry because Ds(~k) does not anticommute with a chiral op-
erator.
Thus, in order to maintain chiral symmetry, we introduce
the on-site potential Dh arising from dents on the floor. Mass
points on the dents oscillate because of the gravity. There-
fore, this on-site potential only affects the diagonal elements
of D(~k), and makes diagonal elements of D(~k) constant. More-
over, this on-site potential has high controllability since the
potential depends on the shape of the dents.
Specifically, the explicit form of Ds(~k) and Dh in this sys-
tem is written as
Ds(~k) =

Ds11 D
s
12 D
s
13(
Ds12
)†
Ds22 0ˆ2(
Ds13
)†
0ˆ2 Ds33
 , (10)
Dh(~k) = diag (2Kη, 2Kη, 2K, 2K(1 + η), 2K(1 + η), 2K) ,
(11)
with
Ds11 = diag (4K − 2Kη, 4K − 2Kη) , (12a)
Ds22 = diag (2K, 2K(1 − η)) , (12b)
Ds33 = diag (2K(1 − η), 2K) , (12c)
Ds12 = diag
(
−K(1 + e−ikx ),−K(1 + e−ikx )(1 − η)
)
, (12d)
Ds13 = diag
(
−K(1 + e−iky )(1 − η),−K(1 + e−iky )
)
. (12e)
Here, 0ˆn denotes the n × n zero matrix. For a later use, we
choose Dh so that the diagonal elements of D(~k) become 4K.
We note that there does not exist the coupling between the
displacements along x and y direction since the springs are
aligned horizontality along the x and y direction.
Assuming that the mass points oscillate with a frequencyω,
one can write φµ
~k,p
= e−iωtξµ
~k,p
. Substituting this into Eq. (9),
we obtain
−ω2~ξ + D(~k)~ξ = 0, (13)
where ~ξ =
(
ξx
~k,1
, ξ
y
~k,1
, ξx
~k,2
, ξ
y
~k,2
, ξx
~k,3
, ξ
y
~k,3
)T
is the eigenvector of
D(~k). As a result, the problem is reduced to the eigenvalue
equation analogous to the Schro¨denger equation. By solving
Eq. (13), we obtain the dispertion relation. Figure 2 (b) shows
the band structure for K = 1, η = 0.7. We note that the mo-
mentum space dynamical matrix corresponds the Hamiltonian
of the TBM since the SMM is reduced to two copies of the
TBM for η = 0, i.e., the tension is infinitely strong.
Let us discuss the symmetry for this mechanical system.
We define a chiral operator ΥS as
ΥS = ΥT ⊗ 1ˆ2 = diag (1, 1,−1,−1,−1,−1) . (14a)
Additionally, we define a two-fold rotational operator RS
around the point X shown in Fig. 2 (a) in this mechanical sys-
tem as
RS (~k) = RT (~k) ⊗ (−1ˆ2),
= diag
(
−1,−1,−e−ikx ,−e−ikx ,−e−iky ,−e−iky
)
.
(14b)
These operators correspond to the ones for the TBM, re-
spectively. However, dimensions of these matrix are doubled
since the operations are applied not only to the sublattice de-
grees of freedoms, but also to directions of the displacements.
Two-fold rotational operator is written as RS (~k)D(~k)R−1S (~k) =
D(−~k).
The diagonal elements of the momentum-space dynamical
matrix just shift the band structure, ω2(~k). Therefore, this sys-
tem preserves “chiral symmetry” since D(~k) subtracted the di-
agonal elements anticommute with ΥS , {D(~k) − 4K1ˆ6,ΥS } =
0. We note that the topological modes for an SMM are not
zero modes due to the constant contribution of the momentum
dynamical matrix. In addition, this system preserves two-fold
rotational symmetry at the high-symmetry points Γ, M and,
X; [D(~k),RS (~k)] = 0.
From Eq. (14a) and Eq. (14b), one can confirm that chiral-
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ity of the lattices is not changed by the operator RS (~k) since[
ΥS ,RS (~k)
]
= 0. ΥS can be block-diagonalized by the eigen-
vectors of RS (~k). Then, the number of the topological modes
protected by two-fold rotational symmetry for this system is
ν =

2 at Γ
6 at M
2 at X
, (15)
at least. The above results can be obtained by noticing ΥS =
ΥT ⊗ 1ˆ2. We note that the number of topological modes for
the SMM is doubled compared to that for the TBM, which is
unique properties of the Lieb lattice structure. These topolog-
ical modes are observed as two flat bands at Γ and X points,
and two flat bands and two Diarc cones at M point in the
band structure [see Fig. 2 (b)]. We note that these topological
modes are stable for any η since ΥS and RS (~k) do not depend
on η. Therefore, these modes for the SMM are stable even
when the longitudinal and the transverse waves are coupled.
Additionally, the extra topological modes protected by ro-
tational symmetry are unique topological phenomena for the
mechanical system. These additional topological modes orig-
inate from the internal degrees of freedoms (i.e., dispal-
cements along the x- and y-direction) which may also shift
the eigenspace of R due to the angular momentum.
We finish this part with a remark on generality of our ap-
proach. Our approach to realize the topological modes pro-
tected by chiral symmetry and rotation symmetry can be ap-
plied to generic two-dimensional SMMs. Indeed, we can re-
alize the topological modes protected by chiral symmetry and
three-fold rotational symmetry for the SMM with a honey-
comb structure.
Summary: We have proposed how to realize the topo-
logical modes protected by chiral and rotation symmetry for
two-dimensional systems. Specifically, by taking advantage
of the high controllability of SMMs, we have realized topo-
logical modes protected by chiral symmetry and two-fold ro-
tation symmetry. We note that in our approach, introducing
the on-site potential arising from the dents on the floor plays
an essential role in preserving the chiral symmetry. In addi-
tion, compared to the results of the TBM, the number of topo-
logical modes increases for the SMM which is due to the pres-
ence of the extra degrees of freedoms. Our approach by the
SMM and the dents on the floor can be applied to a general
two-dimensional TBM.
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